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The evo lu t ion  of a s t a r  o f  30 M i s  considered dur ing  
0 
t h e  phases of h e l i u m  i g n i t i o n  ( I ) ,  d e p l e t i o n  ( H e ) ,  and 
exhaust ion (X) . 
After  the brief I-phase (1.5 x l o4  yea r s )  dur ing  which 
t h e  onse t  of helium burning h a l t s  t h e  g r a v i t a t i o n a l  contrac-  
t i o n  i n  the core, helium i s  deple ted  i n  a l a r g e  convect ive 
reg ion  growing outward i n  mass  f r a c t i o n  u n t i l  it n e a r l y  
over takes  the  hydrogen burning shel l .  Helium d e p l e t i o n  
f-auses a r a d i u s  shr inkage u n t i l  Yc = 0.38 whereupon the 
cad ius  re-expands. 
unce r t a in ,  b u t  w i l l  be zero i f  the  c r i t i c a l  reduced alpha 
width i n  0 i s  g r e a t e r  than 0.3. The luminosi ty  of the 
hydrogen she l l  source i s  low and monotonically decreases ,  even 
though the  s h e l l  f i n a l l y  reaches t h e  hydrogen-rich s e m i -  
convect ive zone (ax = 0 . 1 5 )  when Y = 0.01. The s ta r  
covers  t h e  spectral  range from B1 t o  B 8 ,  while semi- 
convection main ta ins  t h e  t o t a l  luminosi ty  a t  a nea r ly  
cons t an t  value,  The l ifetime of t h e  He-phase i s  5.2 x 10 






4 During the X-phase (1.3 x 10 years), the carbon-alpha 
reaction is able to sustain the luminosity in the shrinking 
-4 convective core until Y = 10 . Thereupon the gravita- 
tional contraction in the core dominates the nuclear 
sources, and rapidly (10 years) brings the star into the 
region of late-type supergiants. The weak shell burning, 
prolonged by hydrogen enrichment due to full convective 
mixing at the inner boundary of the semiconvective zone, 
will then be extinguished by the envelope expansion. Since 
the new convective zone (along with the semiconvective zone) 
eventually retreats toward the surface, leaving behind a 
radiative zone of frozen composition, two major fixed 
composition discontinuities occur in the star: hydrogen- 
helium (q = 0.44) and helium-oxygen (q = 0.37). 
C 
3 
The evolutionary features of very massive stars are 
discussed generally, and a time scale computed for the very 
late phases with and without neutrino emission. 
case, the total lifetime to iron core formation will be 






I.  INTRODUCTION 
* 
1 
The evo lu t ion  of massive s t a r s  du r ing  t h e  advanced 
phase o f  helium burning i s  n o t  w e l l  known. 
with M > 10 M 
of 15 M ( Iben 1964) and 15.6 M (Hayashi, Jugaku, and 
Nishida 1959, 1960; Hayashi and Cameron 1962; Hayashi, Hoshi, 
and Sugimoto 1962).  The present  paper cons ide r s  i n  d e t a i l  
t h e  evo lu t ion  of a very massive s t a r  o f  30 M from helium 
i g n i t i o n  through exhaust ion o f  c e n t r a l  helium, and sketches 
b r i e f l y  t h e  more advanced phases up t o  i r o n  core formation. 
It i s  a con t inua t ion  of c a l c u l a t i o n s  on t h e  previous phases 
(Papers I and 11, S t o t h e r s  1963b, 1964).  
Among t h e  s t a r s  
t h i s  phase h a s  been s tud ied  o n l y  i n  the case  




W e  adopt the same general  assumptions of Papers I and 
11, inc lud ing  t h e  complete mixing of m a t e r i a l  i n  convect ive 
r eg ions  and t h e  absence o f  overshooting a t  t h e  boundaries  
of convect ive and semiconvective regions.  The d i s t r i b u t i o n  
of energy sources  i s  more complicated,  however, a s  w i l l  be 
d iscussed  i n  t h e  next  sec t ion .  I n  conformity with t h e  pre- 
v ious  c a l c u l a t i o n s ,  the opac i ty  i s  assumed t o  be due on ly  t o  
5 
1 
e l e c t r o n  s c a t t e r i n g ,  and t h e  equat ion of s t a t e  i s  represented  
by  t h e  sum of the perfect-gas  and r a d i a t i o n  p res su re .  The 
The age-zero chemical composition, r e t a i n e d  by t h e  
o u t e r  r a d i a t i v e  envelope, i s  aga in  taken  t o  be 
0.70, Yc= O.2T, Ze50.03, = ze/Z. (1) 
~ _ _ _  
core i s  found t o  remain non-degenerate. 
. 
111. GENERAL STRUCTURE 
The o v e r a l l  s t r u c t u r e  of a very massive s t a r  i s  
d i f f e r e n t  i n  each of t h e  evolu t ionary  phases considered i n  
t h i s  paper. W e  i s o l a t e  three phases ,  a s  fol lows.  
1 . Helium ignition.-As t h e  g r a v i t a t i o n a l  c o n t r a c t i o n  
of  t h e  core fol lowing c e n t r a l  hydrogen exhaust ion p r o c e d o  
t o  r a i s e  the co re  temperature ,  helium burning beg ins  near  
the  cen te r .  The mass of t h e  t i n y  convect ive r eg ion  s t o p s  
shr inking  and i n c r e a s e s  again.  
h a l t s  t h e  g r a v i t a t i o n a l  c o n t r a c t i o n  e n t i r e l y ,  b u t  t h e  
hydrogen s h e l l  source i s  s t i l l  requi red  t o  maintain t h e  t o t a l  
luminosity.  






2 .  Helium depletion,-During t h i s  phase helium i s  
deple ted  i n  a l a r g e  convective core growing o u t  i n  mass 
f r a c t i o n .  Since the t i m e  Fcale i s  long compared w i t h  t h e  
previous phase, hydrogen dep le t ion  i n  the s h e l l  i s  a l s o  
s i g n i f i c a n t ,  and the mass f r a c t i o n  of the she l l  peak inc reases .  
Toward the  end of c e n t r a l  helium burning t h e  she l l  reaches 
the semiconvective zone and burns  a t  i t s  i n n e r  boundary. 
3 .  Helium exhaustion.-As t h e  helium content  of t h e  
convect ive core drops below 1 per  c e n t ,  g r a v i t a t i o n a l  con- 
t r a c t i o n  aga in  begins  t o  play an important role. The 
c o n t r a c t i o n  i s  f u r t h e r  acce lera ted  because of i n c i p i e n t  
photoneutr ino emission. Having a t t a i n e d  a maximum mass, t h e  
convect ive core now begins  t o  r e t r e a t  and leaves  behind a 
reg ion  composed c h i e f l y  of oxygen, The hydrogen she l l  
source  cont inues  t o  burn very weakly. As the  t o t a l  luminosi ty  
i n c r e a s e s ,  the  inne rmos t  p a r t  of the semiconvective zone 
becomes f u l l y  convect ive.  
W e  adopt the following system of n o t a t i o n s  t o  des igna te  
the s t e l l a r  zones, a s  c lose ly  i n  accordance w i t h  t h e  n o t a t i o n s  
of Papers I and I1 as possible:  (I)  t h e  homogeneous o u t e r  
7 
r a d i a t i v e  envelope r e t a i n i n g  t h e  age-zero chemical composi- 
t i o n ,  ( I I a )  t h e  semiconvective in te rmedia te  zone, (IIb) t h e  
convective in te rmedia te  zone, ( I I I a , b , c )  t h e  r a d i a t i v e  i n t e r -  
mediate zones, ( I V )  t h e  convect ive core. Zones I I I a ,  IIIb, 
and I I I c  a r e  separated by t h e  hydrogen-helium and helium- 
oxygen d i s c o n t i n u i t i e s ,  r e spec t ive ly .  The following sub- 
s c r i p t s  a r e  a l s o  adopted: 1 f o r  t h e  I n t e r f a c e  1-11, 2 f o r  
t h e  inner  boundary of  Zone I I a ,  3 f o r  t h e  o u t e r  boundary of 
Zone 111, and 4 f o r  t h e  I n t e r f a c e  1 1 1 - I V .  The hydrogen- 
helium d i s c o n t i n u i t y  (hydrogen burning s h e l l )  w i l l  be t 
designated by a s u b s c r i p t  s. Thus f o r  a semiconvective s h e l l ,  
I 
4 
whereas f o r  a convect ive s h e l l ,  qs = q3. The - - 9, - 9 2  - q 3 0  
helium-oxygen d i s c o n t i n u i t y  w i l l  be des igna ted  by a sub- 
s c r i p t  a .  Thus for t h e  outward-growing convect ive co re ,  
qcr = q4. 
evolu t ionary  model w i l l  be marked wi th  an 1 .  
Q u a n t i t i e s  r e f e r r i n g  t o  t h e  immediately preceding 
The success ive  evo lu t iona ry  phases  w i l l  be denoted: 
I (helium i g n i t i o n ) ,  H e  (helium d e p l e t i o n ) ,  and X (hel.:-am 
exhaus t ion) ,  followed by  a number i n d i c a t i n g  t h e  p a ? '  iCUlar 
model in t h e  phase. Figure 1 ~ S ~ Y ~ ~ L ? T I + - : ,  the s t e l l a r  
s t r u c t u r e  i n  t h e  phases ccnsidered i n  t h i s  paper .  
8 
Values of s o l a r  luminosity and r a d i u s  w e r e  t aken  from 
Allen (1963) , whereas i n  Papers I and I1 Chandrasekhar 's  
(1939) values  w e r e  used. 
I V .  ENERGY RATES 




Throughout a l l  phases considered i n  t h i s  paper,  t h e  
temperature  o f  the hydrogen burning s h e l l  does not  d i f f e r  
s i g n i f i c a n t l y  f r o m  5 x lo7 
fol lowing i n t e r p o l a t i o n  formula f o r  t h e  r a t e  o f  t h e  CNO-cycle: 
K,  so t h a t  w e  may use t h e  
0 
wi th  v = 14 and log e = -99.0. W e  assume t h e  f u l l  e q u i l i -  
brium abundance of  oxygen. 
H 
B e l o w  t h e  hydrogen s h e l l ,  C 1 2  and 0l6 w i l l  c e r t a i n l y  
have reached t h e i r  equi l ibr ium abundances by t h e  end of  t h e  
hydrogen burning phase. 
By t h e  onse t  of helium burning m o s t  of  t h e  N14 w i l l  have 
been destroyed by t h e  r eac t ion  N14 + He4_)  018, except for 
Hence XN/XcNo M 0.96 or X x 0.015. 
N 
9 , 
14 a small  amount of N mixed down a s  the convect ive core moves 
outward. Consequently, the  i n i t i a l  abundances i n  the core 
for t h e  main phase of helium burning a r e  assumed t o  be 
Y=o.97 ,  xw = 0 ,  z- 0.03, ( 3 )  
and a t  f i r s t  t h e  nuclear  energy gene ra t ion  of t h e  core w i l l  
be due t o  the t r ip l e -a lpha  r e a c t i o n .  For  s i m p l i c i t y ,  w e  
a l s o  neglect  t h e  c o n t r i b u t i o n  f r o m  n i t rogen  
helium i g n i t i o n  phase. 
1 2  
When C i s  formed by t h e  t r i p l e - a l p h a  
burning i n  the 
r e a c t i o n ,  t h e  
12 
C r e a c t s  with H e 4  t o  f o r m  0l6. Subsequent alpha p a r t i c l e  
cap tu res  by 0 l6  and 0l8 produce smal l  amounts of neon and 
magnesium. However, f r o m  t he  c a l c u l a t e d  models, it may be 
estimated (Reeve; 1964) t h a t  t h e  f i n a l  abundances w i l l  be 
le53 than about 5 pe r  c e n t  for and Mg . Consequently, 
w e  aife j u s t i f i e d  i n  cons ider ing  the energy gene ra t ion  a s  
due c h i e f l y  t o  the helium and carhu:: r e a c t i o n s .  




4 16 for the r e a c t i o n s  3 H e 4  + C and C 1 2  + H e  + 0 , 
r e s p e c t i v e l y .  H e r e  Tn = T X The  weak e l e c t r o n  
screening  c o r r e c t i o n  app l i e s  a t  the d e n s i t i e s  o f  our  models, 
and i s  given by ( for  both reac t ions )  
For s i m p l i c i t y w e  assume t h a t  f = 1. Aftsrwards,  w i t h  the 
h e l p  of t h e  c a l c u l a t e d  models, our assumption may be j u s t i -  
f i e d  by showing t h a t  f i s  c lose  t o  un i ty .  
The reduced alpha width,  e a  * , of the 7 - 1 2  Mev l e v e l  i n  
2 
W e  have used 9 = 0.1 w i t h  a a 0l6 i s  s t i l l  very uncertain.  
p o s s i b l e  error of a f a c t o r  10. Fowler and Hoyle (1964) g ive  
arguments for  a r a t h e r  la rge  value of 0-79. W e  s h a l l  l a t e r  
i n v e s t i g a t e  the effects  of a l t e r i n g  the va lue  of g 2  , which 
e n t e r s  the r a t e  a s  a s t r a i g h t  m u l t i p l i c a t i v e  f a c t o r .  
U 
b) G r a v i t a t i o n a l  Enerqy - 
11 
The r a t e  of energy r e l e a s e  due t o  g r a v i t a t i o n a l  con- 
t r a c t i o n  i n  the core i s  given by  (Paper 11) 
where y = ( l - B ) / e  and the  t i m e  d e r i v a t i v e  a p p l i e s  t o  a 
given mass f r a c t i o n .  
- c) Neutrino Emission 
During helium exhaust ion,  neu t r ino  losses beg in  t o  
h--Vcume important i n  d i s s i p a t i n g  energy f r o m  the s t a r .  The 
o n l y  process  ope ra t ive  i n  our  low-density models w i l l  be 
photoneu+rino emission, y + e- + e- + v + v. The r a t e  is g i v e n  
by (e.g. Reeves 1965) 
12 
V. BASIC EQUATIONS 
The b a s i c  equat ions  fo r  the s t e l l a r  s t r u c t u r e  a r e  
given b y  equat ions  (5) - (15) of Paper I. However, du r ing  
t h e  p re sen t  phases L ( r )  i s  not cons t an t  o u t s i d e  the convec- 
t i v e  core. Therefore i n  equat ions (11) w e  r ep lace  t h e  
envelope parameter C by C’ = Cw, where w = L ( r ) / L .  The 
formulas f o r  t h e  var ious  sources of luminosi ty  a r e  given 
be l o w .  
- a )  Shell Luminosity 
L e t  the energy generat ion r a t e  be represented  by  
equat ion  (2), and c o n s i d e r  the  shel l  source t h i n ,  w i t h  a 
peak a t  q and with X = 0 below q . Analogously t o  t h e  
procedure of Hayashi and Cameron (1962) 8 w e  w r i t e  
S s 
13 
Now w e  may i n t e g r a t e  e t o  o b t a i n  
H 
I n  the r a d i a t i v e  in te rmedia te  hydrogen zone, the  composition 
g r a d i e n t  is frozen,  so t h a t  t h e  coeff ic ients  of equat ion  (10) 
remain cons tan t .  I n  t h e  semiconvective zone the composition 
g r a d i e n t  is  c o n t i n u a l l y  changing, b u t  i s  much less s t e e p  
than  i n  the r a d i a t i v e  zone; t h e r e f o r e  w e  set X = X S = a 0 
w i t h  l i t t l e  l o s s  of accuracy. 
zone, X = X exac t ly .  
I n  the convect ive in t e rmed ia t e  
The exponent y i s  eva lua ted  a t  q S : S 
( r a d i a t i v e )  (14)  
(semiconvective) (15) 
(convect ive)  (16) 
qsb w e  assume no energy sources ,  so that here w = 1. 
14 
- b) Nuclear and Neutrino Core Luminosity 
L e t  the nuclear and neutrino energy r a t e s  be expressed 
i n  the  fol lowing form, 
where v w i l l  be a function of the centra l  temperature, 
except i n  the case  o f  the  photoneutrino loss. Then, general ly ,  
MY 
L = I, A M W  
I n  part icular ,  w e  have the fol lowing cases:  
15 
- c) G r a v i t a t i o n a l  Luminosity 
Energy r e l e a s e  due t o  g r a v i t a t i o n a l  c o n t r a c t i o n  i s  
assumed t o  occur  below the hydrogen-helium d i s c o n t i n u i t y  
where the hydrogen burning she l l  i s  loca ted .  
is l a t e r  j u s t i f i e d  by the d e t a i l e d  c a l c u l a t i o n s .  
r e s u l t s  of Paper I1 t h e  r a t e  of g r a v i t a t i o n a l  energy r e l e a s e  
i s  approximately independent of mass f r a c t i o n .  Consequently 
w e  have 
Th i s  assumption 
From the 
I n  the case of t h e  I-phase,  it i s  found t h a t  t h e  s t e e p  
temperature dependence of t h e  helium burning r a t e  a l lows  
t h e  nuclear source t o  s u s t a i n  the convect ive core a g a i n s t  
i t s  g r a v i t a t i o n a l  con t r ac t ion .  Thus w e  assume t h a t  grav i -  
t a t i o n a l  energy r e l e a s e  occurs  o n l y  i n  t h e  dehydrogenized, 
i s  non-helium-burning Zone I I Ib .  For t h e  X-phase , qg 
chosen t o  be qs o r  q,, as discussed  i n  Sec t ion  X I .  
16 
VI. INTEGRATION METHOD 
W i t h  t r i a l  envelope parameters ( t o  be s p e c i f i e d  b e l o w )  , 
Zones I - I V  a r e  i n t e g r a t e d  from t h e  su r face  inward t o  t h e  
p o i n t  i n  Zone I V  where the condi t ions  U < 3 and d U / d q  < 0 
a r e  no longer f u l f i l l e d .  Revision o f  the t r i a l  parameters 
i s  made u n t i l  these condi t ions  a r e  m e t  a t  s o m e  prechosen 
mass f r a c t i o n  close t o  the cen te r .  Then a s t a r t i n g  value 
for B i s  ex t r apo la t ed ,  so t h a t  outward and inward i n t e -  
g r a t i o n s  may be performed. 
s p e c i f i e d  8 j u s t  i n s i d e  Zone I V .  
C 
F i t t i n g  i s  made i n  U and V a t  a 
f 
V I I .  NUCLEOSYNTHESIS 
La- ~c hyZroger? is consumed i n  a shel l ,  the mass f r a c t i o n  
of  t h e  s h e l l  moves outward a t  a r a t e  given by  
18 where E = 6.0 x 10 erg/gm and 
H 
17 
In the  helium burning core, the t i m e  rates of change 
16 of H e 4 ,  C12, and 0 are given by 
- -  JY - - €He e L % )  
d x c =  - & , 
-= 3x0 Yet. 
dz &He. Ec 
EHc E, aT 
E, de 
Consequently, we may w r i t e  for the core 
( 2 7 )  
- -  hk - -  I k, A JYa e
AC M E , ,  ME, 
b't M EHe M EC 
(28) 
) 
A l x c % -  L"* 4 - L C  
x,= - 1 - Z e - Y - X , .  (29) 
Combination of equations (27 )  and (28)  y i e l d s  a quartic  




V I I I .  UNSTABLE INTERMEDIATE ZONES 
- a )  Semiconvection 
I n  Paper I it was shown h o w  t h e  fo l lowing  c r i t e r i o n  
for convect ive i n s t a b i l i t y ,  
must be used i n  a chemically inhomogeneous reg ion .  The 
e q u a l i t y  s i g n  i n  t h i s  c r i t e r i o n  i s  used t o  determine the 
d i s t r i b u t i o n  of chemical composition t h a t  i s  a c t u a l l y  set 
up by  mixing i n  an uns t ab le  zone, so t h a t  t h e  zone a t t a i n s  
a s t a t e  of convect ive n e u t r a l i t y .  This mixing phenomenon 
is c a l l e d  semiconvection. 
S ince  the upper boundary of the semiconvective zone 
(ql) merges smoothly i n t o  the o u t e r  r a d i a t i v e  zone, the 
m a t e r i a l  here i s  n e a r l y  homogeneous: consequent ly ,  any 
convec t ive  i n s t a b i l i t y  i s  uninhib i ted  a t  q A t  the lower 
1. 
boundary (q = q ) the  s teepening g r a d i e n t  of mean molecular 
2 3 
weight e v e n t u a l l y  chokes off the convect ive motions. Thus, 
i n  t he  e a r l y  models dur ing  the hydrogen-burning phase,  the  
zone below q2 i s  a c t u a l l y  r a d i a t i v e  even though (n+l )  > ( n + l )  . 
ad rad 
19 
These cons ide ra t ions  remove the apparent c o n t r a d i c t i o n  found 
by  Savedoff and van Dyck (1959), who neglected t h e  t e r m  i n  
ddny/ddnP i n  equat ion (30). 
The e f f e c t  o f  semiconvection on t h e  s t e l l a r  evo lu t ion  
was shown t o  be smal l  dur ing  the phases  considered i n  Papers 
I and 11. I n  f a c t ,  the  e f f e c t  i s  completely n e g l i g i b l e  
throughout the hydrogen burning phase,  s i n c e  the fol lowing 
condi t ions  a r e  both s a t i s f i e d  a t  t h e  same mass f r a c t i o n  
Hence f o r  computational purposes,  it was s u f f i c i e n t  t o  
cons ider  t he  in te rmedia te  zone of  inhomogeneous composition 
as wholly r a d i a t i v e .  
convect ive zone makes i t s e l f  f e l t  by  s l i g h t l y  changing t h e  
va lues  of t h e  phys ica l  v a r i a b l e s  i n  the i n n e r  r a d i a t i v e  zone 
(but  no t  the chemical composition which remains f rozen)  f r o m  
Eventual ly ,  however, the growing s e m i -  
t hose  values  t h a t  would o b t a i n  if the semiconvective zone 
20 
were assumed radiative. This effect shows up when condi- 
tions (31) and (32) are not simultaneously or individually 
satisfied. By the onset of helium burning, condition (32) 
is satisfied at a mass fraction that is several per cent 
Computationally, we now integrate the 2' smaller than q 
semiconvective zone directly from q 
chemical composition (eq. [31]) when condition (32) is met. 
applying the jump in 1' 
The jump in IJ. to the frozen value of p in the radiative zone 
automatically produces the proportionate jump in U and V, 
This was not the case before, since U and V3 depended on 3 
the integration of the assumed radiative zone. 
- -  b) Full Convection 
When the inner Bwuiidary ef the semiz~nveetive zcze 
reaches the dehydrogenized helium zone, condition (32) is 
replaced by the condition that hydrogen be conserved: 
AJXdq = 0. As the luminosity continues to increase, it 
eventually becomes impossible to satisfy this condition 
beyond a certain s, denoting the maximum inward extent of 
the semiconvection. A new mechanism must be found to 
maintain a downward transport of hydrogen. Apparently the 
only selfconsistent scheme involves the growth of a fully 
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convective region between the  semiconvective zone and 
the r a d i a t i v e  helium zone. I n  t h i s  scheme the s e m i -  
convective zone r e t r e a t s  with s u f f i c i e n t  helium enrichment 
t o  maintain convect ive n e u t r a l i t y ,  w h i l e  t h e  growing 
convective reg ion  s t e a d i l y  d r a i n s  hydrogen and helium from 
i t s  i n n e r  boundary. The n e t  e f f e c t  i s  t o  i n c r e a s e  the 
hydrogen content  o f  the  homogeneous convect ive reg ion ,  s i n c e  
t h e  semiconvective zone i s  always r e l a t i v e l y  r i c h e r  i n  
hydrogen. 
With modest i n c r e a s e s  i n  the  luminosi ty ,  t h e  i n n e r  
boundary of t h e  convect ive region moves very s l i g h t l y  inward 
of qm. As a 
c o n t i n u i t i e s  
t h e  region. 
good approximation, w e  assume composition d i s -  
a t  the  inne r  (q ) and o u t e r  (q ) boundaries  of 
3 2 
A t  t h e s e  boundaries it is  necessary t h a t  
= ( n + l )  , i n  order t o  preserve  c o n t i n u i t y  of t h e  
rad ad (n+l )  
r a d i a t i v e  f lux .  This  cond i t ion  of e q u a l i t y ,  i n  f a c t ,  
determines the amount of composition jump a t  q s i n c e  2, 
< (n+ l )  for q < q < ql. F i n a l l y ,  w e  r e q u i r e  
rad  ad 
ad 2 (n+U rad 
a t  q3. 
t h a t  hydrogen be j u s t  conserved when (n+ l )  = ( n + l )  
By the end o f  helium exhaust ion,  the i n n e r  boundary o f  
t h e  convective region beg ins  t o  move outward. It i s  found 
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t h a t  a new r a d i a t i v e  zone i s  l e f t  behind. Hence, both t h e  
semiconvective and f u l l y  convective reg ions  s t a r t  t o  
approach t h e  s t e l l a r  surface.  Within t h e  new r a d i a t i v e  
zone l e f t  behind I the composition g r a d i e n t  i s  determined by 
4 = ts(q/qs) 
t h e  shr inking  convect ive core dur ing  hydrogen burning 
-1 
I analogous t o  t h e  g rad ien t  l e f t  behind by 
(Paper I ) .  However, i n  t h e  p re sen t  ca se ,  h can be d i r e c t l y  
determined by use o f  t and 4 . Thus f o r  either an inward- 
or  outward-moving convective reg ion ,  q is t h e  on ly  unknown, 
which must be solved f o r  b y  t r i a l  and error u n t i l  t h e  
3 m 
2 
condi t ion  of hydrogen conservation i s  m e t .  
iX. 
I n  t h i s  phase w e  adopt a run of chemical composition 
throughout t h e  s t a r  a s  shown i n  Table 1. The hydrogen 
abundance i n  t h e  r a d i a t i v e  in te rmedia te  Zone I I I a  i s  given 
by 
x= - l .C85 t 3 . e 3 o  Q - I .q-3 .L". 
Y ( 3 3 )  
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This  i s  t h e  d i s t r i b u t i o n  found i n  t h e  l a s t  model of t h e  
g r a v i t a t i o n a l  c o n t r a c t i o n  phase following hydrogen exhaus- 
t i o n  (Paper 11). However, w e  now assume t h a t  X = 0 below 
an i n f i n i t e l y  t h i n  she l l  source a t  q . The effect  o f  an 
abrupt  change o f  X a t  q, through K and 
i s  small .  Since t h e  t i m e  s c a l e  of t h e  helium i g n i t i o n  phase 
i s  short, w e  f u r t h e r  assume t h a t  hydrogen d e p l e t i o n  i n  t h e  
s h e l l  source i s  n e g l i g i b l e ;  t h u s  q w i l l  remain cons t an t .  
From Paper 11, the peak of t h e  s h e l l  source is a t  q = 0.328. 
It i s  found t h a t  the models du r ing  the brief I-phase o f  
unchanging chemical composition a r e  not  very s e n s i t i v e  t o  
t h e  p a r t i c u l a r  value of q ; t h e r e f o r e  w e  have chosen the 
shel l  peak of Model G6, a t  which X = 0.018. 
S 





I n t e g r a t i o n  of models f o r  t h i s  phase i s  performed a s  
follows. F i r s t ,  t h e  evolu t ionary  s t e p  i s  taken  by spec i fy ing  
C. Since g r a v i t a t i o n a l  c o n t r a c t i o n  i s  assumed t o  occur  on ly  
i n  Zone IIIb, t h e  non-dimensional luminos i ty  i n  t h i s  zone i s  
given by 
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where w* = w / ( q  -q ) .  T r i a l  i n t e g r a t i o n s  are then  performed 
g g s 4  
w i t h  a f ixed  value of w* for  var ious  va lues  of w u n t i l  a 
g' S 
f i t t e d  model i s  obtained.  The f i t t e d  model y i e l d s  q and 
hence w 
Paper I (eqs.  [8l and [ lo ] )  i n t o  equat ion  (13) g i v e s  a 
4 
S u b s t i t u t i o n  of the non-dimensional v a r i a b l e s  of 
9' 
r e l a t i o n  between w and R, which then  de termines  t he  phys ica l  
v a r i a b l e s .  Since no s i g n i f i c a n t  d e p l e t i o n  of the hel ium 
S 
occurs ,  nuc lear  burn ing  i n  the core i s  due o n l y  t o  the t r i p l e -  
a lpha  r eac t ion .  Hence the nuclear  core luminos i ty  may be 
c a l c u l a t e d  f r o m  equat ion  (18), y i e l d i n g  an implied value for 
the g r a v i t a t i o n a l  luminosity,  w = 1 - w - w . A new I 
S H e  * 
value of  w i s  obta ined  from w '  and q , and the  whole proce- 
9 4 
us ing  equat ion  ( 2 0 )  t o  ob ta in  e and by eva lua t ing  the 
phys ica l  v a r i a b l e s  a t  a po in t  midway between q and t h e  mean 
va lue  of the present  and previous q . For the I-phase only ,  




i n  Paper I .  
Table  2 g i v e s  the r e s u l t s  for s i x  models represent ing  
the  helium i g n i t i o n  phase.  The f irst  model corresponds t o  
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a s tage only s l i g h t l y  more advanced than  t h e  l a s t  s t a g e  i n  
Paper 11. A f t e r  a b r i e f  t i m e ,  t h e  s t e e p  temperature de- 
pendence of the helium burning r a t e  (v  % 20) a l lows helium 
burning t o  s u s t a i n  t h e  e n t i r e  dehydrogenized zone by  o n l y  a 
very s l i g h t  i nc rease  i n  T and p . The convect ive core 
grows ex tens ive ly  i n  mass f r a c t i o n  a s  a consequence. Although 
C C 
t h e  computed t i m e  steps a r e  r a t h e r  rough, it is  est imated 
t h a t  hydrogen d e p l e t i o n  i n  t h e  s h e l l .  corresponds t o  an 
equiva len t  change i n  qs of on ly  0.01. 
above, t h e  s t r u c t u r e  w i l l  no t  be s e n s i t i v e  t o  q ; t h e r e f o r e  
n e i t h e r  will be A T .  The t o t a l  t i m e  e lapsed  between the 
A s  w e  have noted 
S 
o n s e t  of helium burning a t  the  c e n t e r  and c e s s a t i o n  of t h e  
core g r a v i t a t i o n a l  c o n t r a c t i o n  i s  about 1.5 x 10 yea r s .  4 
X. HELIUM DEPLETION PHASE 
During t h e  main phase of hel ium burn ing ,  the o n l y  
energy Sources a r e  nuclear :  helium and carbon burning i n  a 
convective core and hydrogen burn ing  i n  a t h i n  s h e l l .  The 
d i s t r i b u t i o n  of chemical composition i s  g iven  by Table 1 
and equation (33) .  Since t h e  t i m e  s c a l e  of the He-phase i s  
4 
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long, nuclear burning in the shell depletes a significant 
amount of hydrogen and causes q to increase (Fig. 2 2 ) .  
In the convective cone, helium burns into carbon and oxygen. 
S 
However, the resulting composition discontinuity at the 
boundary of the outward-moving core will not violate the 
condition of continuity of radiative flux at non-nuclear 
burning interfaces (Paper I), since the electron scattering 
opacity is constant in a dehydrogenized region. 
In the numerical integrations, the evolutionary step 
is taken by specifying q . With fixed values of C and 
S 
(Y, X ) at the center, trial integrations are run with 
various values of w until a fitted model is obtained. As 
C 
S 
in the I-phase, equation (13) determines R and thus all the 
- Dhysical variables. The core luminosity is then obtained 
from equation (18) and gives an implied value for the shell 
luminosity, w = 1 - w - w 
yields an improved guess for C. The procedure is iterated 
until ws = w for some value of C. Then the time step, AT, 
I I 
Comparison of w and w 
S He C- S S 
I 
S 
is computed from equation (22), using the amount of hydrogen 
depletion, AJXdq, between q' and qs. The choice of qs for s 
the initial model is not critical, because X is small over S 
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a l a r g e  range i n  m a s s  f r a c t i o n  near  q = 0,328. Improved 
va lues  of (Y, X ) are obtained by so lv ing  equat ions  (27) 
and (28). F i n a l l y ,  t h e  whole scheme may be i terated t o  




For t h e  He-phase, t h e  semiconvective zone was treated 
expl ic i t ly ,  as described i n  Sect ion vIII. I ts  e f f e c t  may 
be assessed by comparing t h e  i n i t i a l  model for  t h i s  phase 
( T a b l e  3) with t h e  f i n a l  model for  the previous  phase 
(Table 2), where t h e  semiconvective zone w a s  assumed 
r a d i a t i v e .  Both models r ep resen t  t h e  same s t age .  The 
e f f e c t  is c h i e f l y  a s l i g h t  lowering of t h e  luminos i ty  and 
a r e l a t i v e  i n c r e a s e  i n  t h e  c e n t r a l  condensation. The l o w e r  
luminosity i s  due t o  the  i n d i r e c t  e f f e c t  of  t h e  hydrogen 
d i s c o n t i n u i t y  a t  q2. 
r a d i a t i v e  temperature g r a d i e n t ,  dT/dr - HV - (1+X) 1 
beyond what it would be i n  t h e  assumed r a d i a t i v e  case  f o r  
t h e  same luminosity,  Consequently, the  s h e l l  temperature 
becomes too h igh ,  causing % - TsV t o  run away. The s h e l l  
temperature may be reduced only by decreas ing  dT/dr, hence 
by shr inking t h e  hydrogen d i s c o n t i n u i t y  (and t h e r e f o r e  t he  
ex ten t  of semiconvection),  Consequently,  t h e  t o t a l  
This d i s c o n t i n u i t y  s teepens  the 
-0.4 
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luminosi ty  must be lower i n  t h e  semiconvective case. On 
. 
t h e  o t h e r  hand, t h e  r e l a t i v e  i n c r e a s e  i n  c e n t r a l  condensa- 
t i o n ,  U - , i s  caused c h i e f l y  by t h e  hydrogen enrich-  
ment of t h e  i n n e r  envelope caused by semiconvection. 
-1 -1 
When t h e  s h e l l  source consumes i t s  way t o  t h e  s e m i -  
convect ive zone, AX is  only 0.15 a t  t h e  i n t e r f a c e  (Fig. 22). 
Thus t h e  sole e f f e c t  of t h e  encounter is a s l i g h t  prolonga- 
t i o n  o f  s h e l l  burning, by which % remains temporar i ly  
c o n s t a n t o  
o u t s i d e  t h e  s h e l l  l i e s  e s s e n t i a l l y  i n  t h e  s teepening 
temperature  g rad ien t  t he re .  
(n+l)ad approaches (n+l)  as p s  decreases .  However, i n  r a d  
t h e  p re sen t  case, t h e  decrease i n  p i s  due t o  t h e  i n c r e a s e  
i n  1~ - l + X  as the s h e l l  moves outward, s i n c e  the tu ta l .  
luminos i ty  remains n e a r l y  cons tan t  dur ing  helium burning. 
This may be seen by observing t h a t  (l-B)/xL 
(n+l)ad constant .  
The reason f o r  t h e  convect ive i n s t a b i l i t y  j u s t  
As poin ted  ou t  i n  Paper 11, 
S 
(n+l)rad NN 
For a w i d e  range of s te l lar  masses, t h e  r a d i u s  begins  
t o  expand when Yc = 0.3 (cf. 4 M and 15.6 M i n  Hayashi, 
Hoshi,  and Sugimoto 1962) .  Since the  nuc lea r  burning rate 




burning,  the  value 
X = 0.03 a t  which 
hydrogen burning , 
C 
Y 
the r a d i u s  changes d i r e c t i o n  during 
When Y is  as l o w  as 1 per c e n t ,  the 
= 0.3 corresponds t o  t h a t  value 
C 
C 
star still  h a s  a r a d i u s  c h a r a c t e r i s t i c  of an ear ly- type 
supergiant .  The reason i s  e s s e n t i a l l y  t h a t  t h e  nuc lear  
core luminosity i s  enabled t o  cont inue inc reas ing  by carbon- 
a lpha  burning a t  h igh  temperature (see Sec, XI) ,  
I n  order  t o  maintain t h e  high luminosi ty ,  p C remains 
low.  
than  a t  the end of hydrogen burning. This produces t h e  
more ex tens ive  convective core i n  t h e  p r e s e n t  case. By 
Model H e l O ,  t h e  core s i z e  h a s  reached i t s  m a x i m u m  e x t e n t ,  
on ly  0.07 i n  mass f r a c t i o n  below t h e  hydrogen s h e l l  source 
3 
(Fig.  2k). The l o w  value of @ C also keeps t h e  r a t io  pc/Tc 
s m a l l .  
bu t  expand it s l i g h t l y  during t h e  e a r l y  s t a g e s  o f  helium 
W e  note t h a t  pc i s  lower a t  t h e  end o f  helium burning 
Since nuc lear  r e a c t i o n s  no t  on ly  s u s t a i n  t h e  core 
burning,  PC t ends  t o  remain very l o w ,  Consequently,  T C 
1 s  high i n  o r d e r  t o  main ta in  t h e  appropriate nuc lea r  
r e a c t i o n  rate. It is  because of these r e l a t i v e l y  h ighe r  
t m p e r a t u r e s  i n  t h e  cores of massive stars that  t h e  carbon- 
a lpha  r eac t ion  (which occurs  a t  a h i g h e r  temperature  than  
30 
t h e  t r i p l e -a lpha  process) i s  able t o  g e t  under way be fo re  
a l l  t h e  helium i s  burned i n t o  carbon. 
The products  of t h e  carbon-alpha r e a c t i o n  depend 
16  c r i t i c a l l y  on an unce r t a in  reduced a lpha  width i n  0 , as 
discussed i n  Sect ion I V .  With our  adopted value o f  
0 = 0.1, t h e  core is s t i l l  composed o f  one-third unburned 
carbon (by m a s s )  a t  t h e  end of helium burning. Ca lcu la t ions  
2 
a 
based on t h e  model parameters of Table 3 i n d i c a t e  t h a t  t h e  
composition o f  t h e  co re  w i l l  be a l l  oxygen and heav ie r  
2 elements i f  ea exceeds 0.3. 
I *  
X I .  HELIUM EXHAUSTION PHASE 
I n  t h i s  phase,  g r a v i t a t i o n a l  c o n t r a c t i o n  i n  t h e  co re  
g radua l ly  replaces helium burning as t h e  source of  energy, 
when t h e  abundance o f  helium drops  below 0.01 by weight. 
The core composition does not change s i g n i f i c a n t l y ,  and i n  
view of t h e  u n c e r t a i n t y  of t h e  f i n a l  p roducts ,  we  have 
simply adopted = 2 below q = 0.371, t h e  maximum ex ten t  
of t h e  convective co re  (Model H e l O ) .  The helium d i scon t i -  
n u i t y  a t  q = 0,371 (Fig.  2b) r e p r e s e n t s  t h e  l o c a t i o n  o f  
t h e  helium s h e l l ,  which i s  not  i g n i t e d  dur ing  t h e  s t a g e s  
considered here. Hydrogen depletion 
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in the outer shell 
is negligible on account of the shor, time scale involved 
therefore q is determined by the convective instability, 
S 
as discussed in Section VIII. Table 1 illustrates the run 
of chemical composition throughout the star. 
change appreciably during this phase. 
It does not 
Since the gravitational contraction rate is not 
uniform between the composition discontinuities (q a < q < s,), 
we have constructed two sequences of models, with q - 
and q 
Model construction proceeds as in the helium ignition phase 
(Sec. IX), except that we assume here gravitational contrac- 
tion occurring uniformly throughout the whole region below 
g - 9s 
= qa, as extreme cases bracketing the true models. 
and a central nuclear burning due only to the carbon-alpha 
reaction (minus photoneutrino emission). Hence we substitute 
W* = w /q into equation (34) and compute w 
The time step, AT, may in the present case be evaluated at 
the center of the star, and our guessed values for (Y, Xc) 
in the convective core improved, as for the helium depletion 
phase. 
scale may be approximated from equation ( 8 ) :  
q9 
= 1 + wv - w s - w co  g 4 4  4 
A sufficiently accurate expression for the time 
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(35) 
The neglect of Ap in the early stages will not be serious 
since e is small. Furthermore, 
so that we may also neglect Ay . 
C 
remains nearly constant 
@C g 
C 
The results for the X-phase are displayed in Table 4. 
The assumption of q = qs or qg = q g CY. 
different temperatures and fractional luminosities at the 
tabulated stages. Consequently, only rough values of the 
radius and effective temperature are given. 
leads to significantly 
During the onset of the X-phase the region just out- 
side the hydrogen discontinuity at the shell becomes fully 
convective, mixing down additional hydrogen and prolonging 
shell burning (Fig. 2 ~ ) ~  The boundary at q = q remains 
remarkably constant for moderate changes in the luminosity, 
although there is indication of a slight decrease. Even- 
tually, however, when the increasing central condensation 
necessitates an even higher luminosity, the convective 
intermediate region moves out as a whole toward the surface, 
continuing to penetrate the semiconvective zone but leaving 
behind a new radiative zone of frozen composition (Fig. 2=)0 
S 3 
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The i n n e r  boundary of  t h i s  new Zone I I I a  i s  t h u s  f ixed  a t  
= 0.439 with  Xs = 0.528. 
qS 
When 8, i s  s t a b i l i z e d  as t h e  g r a v i t a t i o n a l  luminosi ty  
i n c r e a s e s ,  t h e  convect ive co re  s h r i n k s  i n  mass f r a c t i o n .  
The f i n a l  products  o f  nuc lear  burning a r e  deposi ted i n  a 
r a d i a t i v e  zone l e f t  behind by t h e  r e t r e a t i n g  convect ive core.  
As we have seen,  t h i s  nuc lear  ash w i l l  be predominantly 
carbon and/or oxygen. 
p l ace  on a g r a v i t a t i o n a l  t i m e  s c a l e ,  s i m i l a r  t o  t h a t  com- 
4 puted for t h e  I-phase,  about 1 x 10 yea r s .  
10 years  a r e  requi red  t o  cross t h e  Hertzsprung Gap. It 
i s  uncer ta in  whether helium w i l l  be completely exhausted 
from t h e  inne r  core  be fo re  o r  a f t e r  t h i s  c ros s ing ;  however, 
nuc lear  burning i n  t h e  co re  i s  found t o  become n e g l i g i b l e  
The exhaust ion of  nuc lea r  f u e l  t a k e s  
O f  t h i s ,  on ly  
3 
. 
3 when T = 3.7 x lo8 OK and p = 2800 gm/cm . A t  t h i s  po in t  
C C 
photoneutrino emission w i l l  c o n t r i b u t e  3 per c e n t  of  t h e  
luminosity.  
The i n t e r n a l  evolu t ion  of t h e  star i s  d isp layed  i n  
Figure 1, from t h e  onse t  of  helium burning through i t s  
exhaustion a t  t h e  c e n t e r .  
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X I 1  . EVOLUTIONARY FEATURES 
I n  t h i s  s e c t i o n  a genera l  expos i t i on  of the b a s i c  
f e a t u r e s  i n  the evo lu t ion  of very  massive s t a r s  from main 
sequence dwarfs  t o  red superg ian ts  w i l l  be essayed. Hayashi, 
Hoshi, and Sugimoto (1962) and S t e i n  (1965) have d iscussed  
the s t a r s  of lower mass i n  s i m i l a r  d e t a i l .  I n  p a r t i c u l a r ,  
the evolu t ionary  h i s t o r y  of the s t e l l a r  c e n t e r ,  su r f ace ,  and 
energy-producing reg ions  may be used t o  summarize a s t a r ' s  
t o t a l  evolu t ion .  W e  s h a l l  i n v e s t i g a t e  each of these p o i n t s  
i n  t u r n  for  the case  of a s t a r  of  30 M 
0. 
a )  Center  - 
The evo lu t ion  of t h e  s t e l l a r  c e n t e r  i s  shown on a 
log p - log T diagram i n  Figure 3 .  It i s  of p a r t i c u l a r  
i n t e r e s t  t o  note  t h a t  t he  dot ted  curve of  c a l c u l a t e d  models 
follows c l o s e l y  a l i n e  of s lope 3, r ep resen t ing  Lane 's  law 
of  homologous evolu t ion :  6 = cons tan t .  The major d e v i a t i o n s  
occur  dur ing  the e a r l y  phases of nuc lear  burn ing  (both 
hydrogen and helium) when the  core expands s l i g h t l y .  The 
s l i g h t  veer ing  toward isothermal  evo lu t ion  i s  apparent  dur ing  
the  g r a v i t a t i o n a l  cont rac t ion  phases.  
C 
These d e v i a t i o n s ,  
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however, a r e  small  when w e  compare them with t h e  d e v i a t i o n s  
occur r ing  for  a s t a r  even a s  massive a s  15.6 M (Hayashi and 
Cameron 1962, Fig.  6). The reason i s  t h e  extremely l o w  
d e n s i t i e s  and h igh  mass, which minimize effects such a s  
e l e c t r o n  degeneracy and i so the rma l i ty .  
0 
- b) Surface S h e l l  Source 
I n  Paper I1 an i n t e r p r e t a t i o n  of t h e  envelope expansion'  
was given i n  terms of t h e  chemical inhomogeneity and t h e  
U-V plane.  
t r o p i c  envelope of index N = 3. S ince  t h e  r i s i n g  luminosi ty  
i n  our  ca l cu la t ed  envelopes c e n t r a l l y  condenses t h e  models 
Ztnd inc reases  the mean e f f e c t i v e  p o l y t r o p i c  index toward n = 3 
(or; account of decreas ing  e ) ,  t h e  U-V curve s h i f t s  upward 
and to t h e  l e f t  i n  Figure 4. Thus t h e  i n c r e a s e  i n  t o t a l  
s t e l l a r  rad ius  may be understood from t h e  i n t e g r a t i o n  of 
d log  r = U-' d log q (Hayashi, H o s h i ,  and Sugimoko 1962): 
W e  noted t h a t  V - 4 and U - 0 a s  r - 0 i n  a poly- 
3 6  
This r e l a t i o n  g i v e s  an explana t ion  of  t h e  qene ra l  t r e n d  of 
r a d i u s  expansion beyond t h e  i n i t i a l  main sequence. 
The f l u c t u a t i o n s  i n  rad ius  w e r e  considered i n  Paper I1 
i n  terms of  the r e l a t i v e  importance o f  r a d i a t i o n  pressure .  
W e  showed t h a t  s ince ,  gene ra l ly ,  R - (1-B)1/2/ST i n  a poly- 
t r o p i c  reg ion ,  t h e  s h e l l  rad ius  and t h e  t o t a l  r a d i u s  a r e  
governed mainly by  @ and p 8 r e s p e c t i v e l y ,  f o r  the core and 
envelope considered a s  t w o  s e p a r a t e  "polytropes"  . The r e s u l t s  
C S 
for t h e  helium phases a r e  i n  accord w i t h  th i s  p i c t u r e .  
W e  s h a l l  now d i s c u s s  f u r t h e r  t h e  r a d i u s  f l u c t u a t i o n s  
i n  t e r m s  of t h e  s t e l l a r  energy requirements  and t h e  effect  
of the hydrogen s h e l l  source. Therefore w e  t r a c e  the  evolu- 
t i o n  from t h e  onse t  of hydrogen exhaust ion t o  the end of 
helium exhaust ion.  For completeness,  however, w e  begin  w i t h  
a d i scuss ion  of t h e  i n i t i a l  hydrogen burning phase. 
During t h i s  phase of hydrogen d e p l e t i o n  i n  t h e  core, 
the envelope expansion i s  due t o  the growing chemical in- 
homogeneity, which reduces U and i n c r e a s e s  u (cf.  eq. [ 3 6 ) )  . 
However, w e  no te  t h a t  i n  a completely mixed s t a r ,  even 
thouuh I I  monotonicallv inc reases  w i t h  t i m e .  the r a d i u s  
C 




even tua l ly  ou t runs  t h e  inc rease  i n  u C - ( l + X c )  (cf .  eq. 
[16],  Paper I ) .  
I n  genera l ,  the rise of luminosi ty  du r ing  hydrogen 
d e p l e t i o n  i n  a s t a r  may be understood by the i n c r e a s e  of 
4 
mean molecular weight, through the  rough r e l a t i o n  L - p . 
More p rec i se ly ,  a s  hydrogen i s  consumed near the c e n t e r ,  
the energy f l u x  expands t h e  s t a r ,  and t h e  c e n t r a l  tempera- 
t u r e  rises to offse t  t h e  decreases  i n  d e n s i t y  and hydrogencon- 
t e n t .  
must t h e n  be maintained by  an inc reas ing  luminosi ty ,  
according t o  t h e  r a d i a t i v e  t r a n s p o r t  equat ion .  
During the hydrogen exhaust ion phase,  g r a v i t a t i o n a l  
( in  accordance 
The consequent s teepening of the temperature  g r a d i e n t  
con t r ac t ion  of t h e  core h e l p s  t o  r a i s e  T 
wi th  the v i r i a l  theorem) and hence T,. However, s i n c e  Tsand 
t h e  time sca l ea re  much too small  t o  d i s p l a c e  q by nuc lear  
burning,  nowhere i n  t h e  s t a r  does change s i g n i f i c a n t l y .  
Consequently, L remains n e a r l y  c o n s t a n t ,  t he reby  f r e e z i n g  
the non-dimensional s t r u c t u r e  of t h e  envelope. Because 
R ,- T 
This b e h a v i o r  i s  s i m i l a r  t o  t h e  evo lu t ion  du r ing  t h e  pre- 




for  such a conf igu ra t ion ,  the  whole r a d i u s  sh r inks .  
C 
3 8  
During t h e  b r i e f  g r a v i t a t i o n a l  c o n t r a c t i o n  phase 
following hydrogen exhaust ion,  t h e  acce le ra t ed  c e n t r a l  
condensation produces a sudden rise i n  t o t a l  luminosi ty .  
The reason f o r  t h i s  i s  twofold.  F i r s t ,  i n  s t a r s  o f  h igh  
mass, t h e  l a r g e  co re  cannot withstand an e n e r g e t i c  g rav i t a -  
t i o n a l  con t r ac t ion ,  so t h a t  a temperature  g rad ien t  p e r s i s t s  
i n  it. Since t h i s  g rad ien t  s teepens  on account of  t h e  marked 
inc rease  of T compared with T (because of  the s e n s i t i v i t y  
of L t o  tempera ture) ,  a s u i t a b l y  h igh  luminosi ty  i n  t h e  core  
C S 
H 
i s  required t o  support  t h e  g r a d i e n t .  Maintenance o f  such 
luminosity near t h e  c e n t e r  l eads  t o  a h ighe r  t o t a l  luminosi ty  
i n  the case o f  a g r a v i t a t i o n a l  source  of energy, because i? 
i s  more uniform throughout t h e  core t h a n  eH. 
g r a v i t a t i o n a l  i n f a l l  of t h e  s h e l l  r a i s e s  i t s  temperature  and 
thereby  augments t h e  s h e l l  luminosi ty ,  too. Hence t h e  whole 
57 
Second, t h e  
s t e l l a r  luminosi ty  i n c r e a s e s  s i g n i f i c a n t l y  . 
I n  s t a r s  of l o w  mass wi th  i so thermal  cores less 
than  t h e  Schanberg-Chandrasekhar l i m i t  (q = 0.1) 8 t h e  
luminosity i s  due almost e n t i r e l y  t o  s h e l l  burning; the 
increase  of luminosi ty  w i l l  t h e n  be due t o  t h e  temperature  
r ise  a t  t h e  s h e l l ,  caused by s l o w  c o n t r a c t i o n  of  t h e  i so the rma l  
. 
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core. I n  e t a r s  of  a l l  masses, however,  t h e  r a d i u s  expansion 
can be ascr ibed  t o  t h e  marked inc rease  of  energy flow i n t o  
the  envelope. 
During t h e  e a r l y  s t a g e s  of helium burning when the t i m e  
s c a l e  is long, nuclear  burning i n  t h e  shel l  causes  a l a r g e  
i n c r e a s e  of q . To compensate f o r  t h e  outward motion of  t h e  
s h e l l  (which t ends  t o  reduce Ts) and t h e  d e p l e t i o n  of  helium 
S 
i n  the core (which i n c r e a s e s  p ) ,  t h e  c e n t r a l  temperature  
cont inues  t o  rise. Although the  s h e l l  burning i s  conse- 
quen t ly  maintained i n  order t o  m e e t  t h e  t o t a l  f l u x  requirements,  
i t s  luminosi ty  drops gradual ly  because o f  the slowly decreas ing  
temperature.  Hence the t o t a l  luminosi ty  of the s t a r  i s  merely 
kep t  a t  a cons t an t  value and not increased i n  accordance with 
L - u , a s  for  a po in t  convective source.  To keep t h e  s h e l l  
burning a t  a s u f f i c i e n t l y  high temperature ,  t h e  t o t a l  r a d i u s  
4 
must shr ink .  This may be s e e n  simply from cons ide ra t ion  o f  
t h e  f rozen  non-dimensional s t r u c t u r e  of  the envelope ( s i n c e  
L i s  n e a r l y  c o n s t a n t ) .  As t decreases  for l a r g e r  q , R must 




When qs i s  s t a b i l i z e d  i n  t h e  l a t e r  s t a g e s  of helium 
burn ing  (because of the s h o r t  t i m e  s c a l e  due t o  l o w  Y ) ,  
C 
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the gradual i n c r e a s e  i n  luminosi ty  expands t h e  envelope. 
This expansion i s  r e f l e c t e d  i n  t h e  monotonic decrease  of L 
(through lower T 8 which, because o f  t h e  near  constancy 
of  ts, impl ies  an increased R ) .  
by an increase  i n  L 
q4, of  t h e  convect ive core ,  which mixes down f r e s h  helium. 
This i s  i n  c o n t r a s t  with t h e  hydrogen exhaust ion phase where 
94 core 
of  the s t a r  now rises more no t i ceab ly  a s  q 
cons tan t ,  i n  accordance with t h e  t r e n d  ind ica t ed  by L - 1-1 . 
However, s i n c e  t h e  helium con ten t  i s  a l r eady  l o w ,  1-1 and 
t h e r e f o r e  L do no t  change a s  much a s  dur ing  hydrogen burning.  
During t h e  helium exhaust ion phase,  t h e  shell  source 
H 
S 
The de f i c i ency  of L i s  m e t  
caused by t h e  growing mass f r a c t i o n ,  
H 
core 
(and consequently L ) decrease .  The t o t a l  luminosi ty  
remains n e a r l y  
4 
S 
suppl ies  t h e  small  d e f i c i e n c y  i n  t h e  core luminosi ty .  Thus 
t h e  s t e l l a r  s t r u c t u r e  behaves i n  a way more l i k e  t h e  grav i -  
t a t i o n a l  con t r ac t ion  phase fol lowing hydrogen exhaust ion 
r a t h e r  than t h e  hydrogen exhaust ion phase i t s e l f ,  i n  which 
t h e  s h e l l  source and t h e  chemical composition d i s c o n t i n u i t y  
w e r e  j u s t  be ing  set up. Analogously, t h e  luminosi ty  rises 
and t h e  r a d i u s  expands. By t h e  end of hel ium burning,  t h e  
t o t a l  luminosity i s  a l r eady  so h igh  t h a t  any small  i n c r e a s e  
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produces a l a r g e  c e n t r a l  condensation of the envelope. This 
exp la ins  why, i n  very massive s t a r s ,  the luminosi ty  remains 
p r a c t i c a l l y  cons tan t  throughout hel ium burning 
c e n t r a l  condensation) , and t h e r e a f t e r  produces a tremendous 
envelope expansion wi th  only  a moderately small  b r igh ten ing .  
The h igh  luminosi ty  a l s o  expla ins  t h e  complicated occurrence 
of convec t ive ly  uns t ab le  regions i n  the envelope. I n  such 
convect ive reg ions  the temperature g rad ien t  i s  p r a c t i c a l l y  
f i x e d ,  so t h a t  t h e  inc reas ing  temperature  on t h e  i n s i d e  
promotes expansion of t h e  rad ius .  
(which resists 
- c) Convective C o r e  
As nuclear  f u e l  i s  ign i t ed  i n  the c e n t r a l  reg ions  of  
s t a r s , a  convect ive core i s  formed i f  either the temperature 
exponent of  t h e  energy genera t ion  r a t e  or  the r a d i a t i o n  
p r e s s u r e  (1-@) i s  h igh  enough. This convect ive core grows 
outward i n  mass f r a c t i o n  very r a p i d l y  a t  f irst ,  reaching a 
maximum e x t e n t ,  whereupon it subsequently r e t r e a t s .  However, 
i t s  d e t a i l e d  behavior i s  very d i f f e r e n t  i f  the nuclear  energy 
i s  due t o  hydrogen or helium burning. 
burning,  maximum core  e x t e n t  occurs  a t  the end of  t h e  pre- 
I n  the case  of hydrogen 
I 
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main-sequence con t r ac t ion ,  t h a t  is, when X i s  s t i l l  equal  
t o  X . However, i n  t h e  case  o f  helium burning,  it occurs  a t  
t h e  onset  of  co re  c o n t r a c t i o n  dur ing  helium exhaust ion,  when 
Yc w 0.01. The d i f f e r e n c e  i n  behavior  i s  e s s e n t i a l l y  caused 
by t h e  e l e c t r o n  s c a t t e r i n g  opac i ty ,  and t h e r e f o r e  occur s  only 
i n  s t a r s  where t h i s  opac i ty  dominates.  
C 
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The reasons may be seen i n  d e t a i l ,  a s  follows. The 
boundary of  t h e  convect ive core i s  def ined  a s  t h e  p o i n t  
where (n+l) = ( n + l ) a d .  From Paper I ,  we  t hen  have t h a t  rad 
Since t h e  f r a c t i o n a l  change of  ( n + l )  i s  small  compared 
ad 
w i t h  t h e  f r a c t i o n a l  changes o f  t h e  o t h e r  v a r i a b l e s  i n  equat ion 
( 3 7 ) ,  we may consider  (n+ l )  a s  cons t an t .  Now, dur ing  t h e  
pre-main-sequence c o n t r a c t i o n  phase,  L and 1-8 a r e  approxi- 
ad 
mately cons tan t .  However, L ( r  ) rises r a p i d l y  due t o  t h e  
onse t  of hydrogen burning near t h e  c e n t e r ,  t h e  ba lance  i n  L 
4 
being  supplied by t h e  envelope c o n t r a c t i o n .  Thus q 4 - L ( r &  
or  q4 increases .  
c 
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Since hydrogen burning f u l l y  s u s t a i n s  t h e  core dur ing  
t h e  H-phase, t h e  d e n s i t y  increase  i s  h a l t e d ,  pe rmi t t i ng  1-fl 
t o  rise wi th  temperature.  Thus L = L ( r 4 )  - ( roughly) ,  
4 4 4 
wi th  t h e  r e s u l t  t h a t  q - x 1 + X . Hence dur ing  hydrogen 
dep le t ion ,  t h e  o p a c i t y  decreases  and t h e  core mass sh r inks .  
These cons ide ra t ions  supplement t hose  of Sakashi ta ,  Ono, and 
Hayashi (1959) , who showed t h a t  the convect ive core could a t  
l e a s t  no t  grow i n  mass. 
A 
H e l i u m  i g n i t i o n  i n  the  core behaves i n  a s i m i l a r  way t o  
hydrogen i g n i t i o n ,  r e s u l t i n g  i n  an inc rease  o f  q . However, 
4 
dur ing  t h e  He-phase, the now cons tan t  opac i ty  (H. = 0.19) does 
riot r e g u l a t e  t h e  core s i z e  a s  it d i d  dur ing  the H-phase. 
Since the s t r u c t u r e  i s  a l t e r e d  by t h e  presence of composition 
d i s c o n t i n u i t i e s  and a she l l  source,  it i s  a l s o  no longer t r u e  
t h a t  L(!r - 1-8 . I n  f a c t ,  L ( r  ) i n c r e a s e s  by a much l a r g e r  
4 4 4 
f a c t o r  than  1-8 can. Hence y - L ( r  v ( 1 - B  ) , or  q i n c r e a s e s  
4 4 4 4 4 
a s  hel ium is  dep le t ed .  
During helium exhaustion, g r a v i t a t i o n a l  c o n t r a c t i o n  i n  
t h e  core beg ins  t o  r ep lace  t h e  nuc lear  source o f  energy. 
S ince  t h e  g r a v i t a t i o n a l  source i s  uniform and d i s t r i b u t e d  
w e l l  beyond the convect ive region, L ( r  ) decreases .  The 
d e n s i t y  rises cons iderably  and checks the inc rease  of 1-8 # 
I 




which, as dur ing  a l l  g r a v i t a t i o n a l  c o n t r a c t i o n  phases ,  
remains roughly cons t an t .  Thus it i s  on ly  a t  the - end of  
he l ium burning t h a t  the convec t ive  core beg ins  t o  sh r ink ,  
on account of the decreas ing  luminos i ty  a t  q . 
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XIII. LATE EVOLUTIONARY PHASES 
Whether t h e  high-temperature neu t r ino  processes  ex is t  
i n  na ture  o r  no t ,  t h e i r  i n c l u s i o n  i n  our  models up t o  the 
end of h e l i u m  exhaus t ion  does not  s u b s t a n t i a l l y  jeopard ize  
the results s ince  the  neu t r ino  luminos i ty  rises t o  o n l y  a 
few pe r  cent  of t h e  photon luminos i ty  a t  t h i s  s t age .  To 
c a l c u l a t e  f u r t h e r  a rough t i m e  s c a l e  of t h e  ensuing evolu- 
t i o n a r y  phases,  w e  must d i s c u s s  s e p a r a t e l y  the c a s e s  of  
evolu t ion  w i t h  and wi thout  neu t r inos .  I n  both c a s e s  w e  
assume t h a t  the i n i t i a l  core composition i s  pure  oxygen. 
Photonic  Evolu t ion  
Under normal evolu t ionary  cond i t ions ,  g r a v i t a t i o n a l  
con t r ac t ion  w i l l  h e a t  up t h e  c o r e  u n t i l  oxygen burn ing  
s u s t a i n s  t h e  s t r u c t u r e .  W e  assume t h a t  t h e  g r a v i t a t i o n a l  
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energy release, which i s  taken t o  be uniform throughout 
t h e  core, may be represented  by  
Solving f o r  t h e  t i m e ,  we  have 
Equation (39) w i l l  no longer be v a l i d  when L > L .  
nuc - g 
T h i s  w i l l  happen when e = e . If we  assume a nuc lea r  
nuc g 
energy gene ra t ion  ra te  i n  t h e  form of equat ion (17), t hen  
it may be shown fo r  a poly t rope  o f  index  3 t h a t  (Reeves 
1963) 
6 With q = 0.4, w = 0.5, L = 1 0  L and t h e  evo lu t iona ry  
r e l a t i o n  p 
e 
tempera ture  of 3.7 x lo8 OK, equa t ion  (39) y i e l d s  
T = 3 x 10 years .  
g g a' 
3 T , we o b t a i n  T = 1.5 x l o 9  OK when 
C - 




Thereafter, oxygen burning and successive gravita- 
tional contractions interrupted by still more advanced 
nuclear burning phases up to iron formation supply the 
stellar luminosity. Since the gravitational phases will 
be negligibly short compared with the nuclear phases, 
we consider only 
Oxygen burning will be the dominant nuclear phase, We 
= 0.3, w = 0.5, and estimate roughly that 2 = 1, q4 4 
6 L = 10 L . With E = 9 x 1017 erg/gm for the conversion 
0 
5 of oxygen into iron, we obtain 7 = 3 x 10 years. Even 
if the initial core composition were pure carbon, the 
lifetime of the star as a red supergiant would not be 
substantially increased. 
- b) Neutrinic Evolution 
On the assumption of neutrino emission, the longest 
of the late evolutionary phases will be the gravitational 
contraction following helium exhaustion, when the evolution 
4 7  
is at first primarily limited by photon radiation. Thus 
equation (39) will apply up to a certain temperature at 
which e = e . This temperature may be calculated as 





3 T = 6.1 x 108 OK. Hence T = 7 x 10 years. 
C 
8 At a temperature around 6 x 10 OK, three changes in 
the stellar luminosity will take place. First, neutrino 
emission will predominate over the photon radiation. 
Second, photoneutrinos will be replaced by pair annihila- 
tion neutrinos as the dominant neutrino source. Third, 
the helium shell will be ignited. However, since the total 
photon luminosity will not rise very much in comparison 
with the increasingly powerful neutrino luminosity (Reeves 
1963), the helium shell may be neglected. 
The evolution of the star is thus limited only by the 
rate of neutrino emission from pair annihilation, that is, 
L = L . Under the assumption that 0 a T , the time scale 
is given by (Stothers 19632) 
3 
V g 
3 This yields T = 6 x 10 years. 
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Oxygen burning may briefly sustain the neutrino 
losses at a temperature around 2 x lo9 OK. 
tropic core mass of 9 M , Reeves (1963) estimates the 
oxygen burning lifetime at 2 months or less. Subsequently, 
gravitational contraction must supply the neutrino losses 
while further nucleosynthesis up to iron formation takes 
place in the core, on a time scale of minutes. Thus the 
total lifetime from the end of helium exhaustion will be 
about 1.3 x 10 years, on the neutrino hypothesis. 
For a poly- 
0 
4 
XIV. PRE-MAIN-SEQUENCE CONTRACTION 
Chandrasekhar (1939) has given an expression for the 
pre-main-sequence contraction time: 
If we assume for the ratio of specific heats y = 5/3 and 
for the polytropic index N = 3, then equation (43) yields 
4 2.3 x 10 years. The implicit assumption that L = constant 
is a good approximation for very massive stars. In fact, T 
as deduced from equation (43) is reasonably close to values 
for 30 Ma interpolated from the approximate models of Tanaka 
49 
and Sakashi ta  (1965) and from t h e  m o r e  exact models of  Ezer 
and Cameron (1965).  
X V .  FINAL REMARKS 
The t i m e  scale of evolut ion f o r  t h e  d i f f e r e n t  phases 
of a 30 M s t a r  i s  given i n  Table 5. The helium burning 
l i f e t i m e  i s  one-tenth of t h e  hydrogen burning l i f e t i m e ;  t h i s  
f r a c t i o n  i s  somewhat l a r g e r  than  f o r  15.6 M (Hayashi and 
Cameron 1962) because of t h e  h igher  i n i t i a l  hydrogen abun- 
dance assumed t h e r e .  The o the r  phases c o n t r i b u t e  n e g l i g i b l y  
t o  t h e  t o t a l  l i f e t i m e  of s l i g h t l y  less than  6 m i l l i o n  y e a r s ,  
excep t  i n  t h e  case of  no neut r ino  emission. I n  t h a t  c a s e ,  
0 
0 
~v..-A- urryysAl ‘ h . 7 w - n  uuL1llA.g T n t o  iror, las ts  ;s period cnmparahle w i t h  the 
helium burning l i f e t i m e .  
The evo lu t ion  of t h e  star has  b e e n p l o t t e d  on the  theore- 
t i c a l  H-R diagram i n  Figure 5. The shape of t h e  track is 
very  s i m i l a r  t o  the  one computed f o r  15.6 M , except  t h a t  
a t  30 M t h e  luminosi ty  during helium burning i n c r e a s e s  very 
l i t t l e .  
0 
0 
The s t a r  sweeps o u t  near ly  t h e  whole B s p e c t r a l  range 
dur ing  helium burning as a superg ian t ,  f r o m  B 8  t o  B 1 .  By 
50 
t h e  end of helium exhaus t ion ,  it passes  qu ick ly  a c r o s s  the  
Hertzsprung G a p  and becomes a K superg ian t .  Fu r the r  grav i -  
t a t i o n a l  con t r ac t ion  i n  the  co re  is expected t o  b r i n g  the 
s tar  i n t o  the reg ion  of t h e  b r i g h t e s t  M superg ian ts .  
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TABLE 1 
D i s t r i b u t i o n  of Chemical Composition i n  a S t a r  of 
30 M dur ing  Helium Burning rn 
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TABLE 2 
Evolutionary Models of a Star of 30 M during Helium I g n i t i o n  (I)  Phase*-  
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Evolutionary Models of a Star of 30 Ma during Helium 
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Fig. 1. - Evolution of the structural zones of a star of 
30 M during the phases of helium ignition, 
depletion, and exhaustion. 
0 
Fig. 22,b. - Distribution of hydrogen and helium as a 
function of mass fraction during the helium deple- 
tion (He) and exhaustion (X) phases. Dots represent 
zonal boundaries. 
Fig. 3 .  - Evolution of the center of a star of 30 M from 
0 
the initial main sequence into helium exhaustion 
(Models HO-X2). Circles represent the first stages 
of the various phases. The line has a slope of 3 .  
7 
Fig. 4. - Evolution of a star of 30 M in the U-V plane, 
0 
during the helium depletion (He) and exhaustion (X) 
phases. Dots represent zonal boundaries. Dashed 
lines refer to discontinuities in the chemical com- 
position. Model X5 is based on the assumption that 
- qg - CIS' 
Fig. 5. - Evolution of a star of 30 M on a plot of lumi- 
0 
nosity versus effective temperature, from the initial 
main sequence through helium exhaustion. 
represent the first stage of the various phases. 
Circles 
